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Many-body localization (MBL) addresses the absence of thermalization in interacting quantum
systems, with non-ergodic high-energy eigenstates behaving as ground states, only area-law en-
tangled. However, computing highly excited many-body eigenstates using exact methods is very
challenging. Instead, we show that one can address high-energy MBL physics using ground-state
methods, which are much more amenable to many efficient algorithms. We find that a localized
many-body ground state of a given interacting disordered Hamiltonian H0 is a very good approx-
imation for a high-energy eigenstate of a parent Hamiltonian, close to H0 but more disordered.
This construction relies on computing the covariance matrix, easily achieved using density-matrix
renormalization group for disordered Heisenberg chains up to L = 256 sites.
Introduction. The mutual effect of disorder and inter-
actions in quantum many-body systems can lead to fas-
cinating phenomena beyond single-particle Anderson lo-
calization [1, 2]. In that respect, many-body localization
(MBL) is a key topic which has recently triggered huge
activity [3–8]. While MBL physics addresses ergodicity
and thermalization properties of highly excited states,
it is legitimate to ask whether zero-temperature physics
may have some connections with MBL. In this sense, the
so-called Bose-glass phase [9–11], which traces back to
4He in porous media [12], describes an interacting and lo-
calized zero-temperature bosonic fluid lacking superfluid
coherence in a disordered potential. Such an interacting-
disordered ground state (GS) has been reported ever
since in various contexts [13–20] and theoretically inten-
sively investigated, especially regarding disorder-induced
quantum phase transitions [21–27].
Beyond GS properties, it is now broadly accepted that
in one dimension strong enough disorder leads to MBL at
any energy, breaking the so-called eigenstate thermaliza-
tion hypothesis (ETH) [28–30]. Interestingly, MBL is as-
sociated with an emergent integrability [31–36] and area-
law entanglement at any energy density [37–41], while
it is the usual hallmark of GS of short-range Hamilto-
nian [42–44]. Overall, this makes MBL states look very
like GS.
In this Rapid Communication, building on this simple
idea, we ask whether an arbitrary MBL state could also
be the GS of another Hamiltonian. This question falls
in the more general following problem [45, 46]: Given a
single eigenstate, does it encode the underlying Hamil-
tonian? The answer seems positive for any eigenstate of
a generic local Hamiltonian [45] but also for disordered
eigenstates, provided they satisfy ETH [46]. However, we
argue in the following that this statement no longer holds
for MBL. Precisely, we find that in the limit of infinitely
large systems, a localized Bose-glass GS also corresponds
to a MBL excited state of a different Hamiltonian that
differs only by its local disorder configuration. We also
provide numerical evidence that the distinction between
localized GS and MBL excited states cannot be made by
any set of local or global measurements. Our results are
supported numerically by standard exact diagonalization
(ED) for small system sizes and using the density-matrix
renormalization group (DMRG) algorithm [47, 48] for
larger systems, up to L = 256 lattice sites.
We consider the paradigmatic random-field spin-1/2
Heisenberg chain, governed by the Hamiltonian
H0 = J
L−1∑
j=1
Sj · Sj+1︸ ︷︷ ︸
:=O0
+
L∑
j=1
hj S
z
j︸︷︷︸
:=Oj
(1)
with L lattice sites. Open boundary conditions are used
for DMRG efficiency, and the antiferromagnetic coupling
J is set to unity in the following. The total magnetization
Sztot =
∑
j S
z
j is a conserved quantity of the Hamiltonian
and we work exclusively in the Sztot = 0 sector. The ran-
dom variables hj are drawn from a uniform distribution
[−h, h]. The GS of this model is known to be of the
Bose-glass type for any h 6= 0 [9, 10]. At higher energy,
a finite amount of disorder hc & 3.7 is necessary to even-
tually move from an ETH to a fully MBL regime [39, 49].
Covariance matrix and Hamiltonian reconstruction.
We base our work on the “eigenstate-to-Hamiltonian
construction” method [45, 50]. It takes as an input a
wave function |Ψ0〉, eigenstate of the Hamiltonian (1)
for a given disorder configuration, and a target space of
Hamiltonians. We constrain it to have the same form
as the original one, i.e., H˜ = J˜O0 +
∑L
j=1 h˜jOj . Our
goal is to find a set of parameters, represented as a
vector p = [J˜ , h˜1, h˜2, ...]
T , for which the input state
|Ψ0〉 is an eigenstate, beyond the trivial case ±H0. To
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2achieve this, the central object is the covariance matrix
Cij = 〈OiOj〉 − 〈Oi〉〈Oj〉, of linear size L + 1 and with
the expectation values measured over |Ψ0〉. From this
definition, one readily shows that the covariance matrix
can be used to compute the energy variance of the input
state with respect to a Hamiltonian H˜ in the target
space and whose parameters are encoded in p,
σ2
[
H˜, |Ψ0〉
]
= 〈H˜2〉 − 〈H˜〉2 = pT Cp ≥ 0. (2)
If p is an eigenvector of the covariance matrix C with zero
eigenvalue, the set of parameters contained in p defines
a parent Hamiltonian H˜ for which the initial input state
|Ψ0〉 is precisely an eigenstate. We note and sort in as-
cending order the eigenvalues of C, e1 ≤ ...ej ... ≤ eL+1,
with corresponding eigenvectors pj .
In practice, we ask whether a localized GS |Ψ0〉 can
also be an excited state of another Hamiltonian H˜. There
are two reasons for this, and the first one is concerned
with the density of states of the Hamiltonian (1). While
its GS is unique, the density of states at high energy is
exponentially large, which makes it very unlikely to be
able to connect each excited MBL eigenstate to a single
GS. Second, it is numerically much more efficient to work
with a GS for the input state |Ψ0〉 since its computation
is not restricted to ED and hence, small system sizes.
Specifically, we are able to use the DMRG algorithm to
access sizes up to L = 256 with great accuracy. For the
following, it is convenient to introduce the normalized
energy density  = (E−Emin)/(Emax−Emin) with Emin
and Emax the extremal eigenenergies.
For various disorder strengths and system sizes, we
compute the eigenpairs of the covariance matrix. First
using ED, we always find that the eigenvalues e1 and e2
are, up to numerical precision, exactly zero. As expected,
they are trivially associated with the initial Hamiltonian
H0 and the (conserved) total magnetization [51]. We
now turn our attention to the third smallest eigenvalue,
e3, which is not strictly equal to zero. However, it is
instructive to study its scaling versus the system size L
for different disorder strengths h. Especially, since e3 is
nothing but the energy variance of |Ψ0〉 with respect to a
new Hamiltonian H˜ represented by p3, we ask if it can be
“sufficiently small” such that the input GS can correctly
describe one of its eigenstates. Results are displayed in
Fig. 1 (a), where the average value of e3 over thousands
of disordered samples shows a power-law scaling with the
system size of the form ∝ L−α(h), with 2.15 ≤ α(h) ≤ 2.6
for the values of h considered [52]. Moreover, at fixed dis-
order strength and for increasing system sizes, the distri-
bution of e3 is self-averaging, as shown in Fig. 1 (b) for
h = 2. These two observations strongly suggest that in
the limit of an infinitely large system, e3 will eventually
go to zero and that |Ψ0〉, the localized GS of H0, will also
be the eigenstate of another Hamiltonian spanned by p3,
dubbed H˜3. The relatively small values of e3, even for the
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FIG. 1. (Color online) (a) Scaling with the inverse system size
1/L of the third smallest eigenvalue e3 of the covariance ma-
trix, corresponding to the energy variance of the input state
|Ψ0〉 with respect to the new Hamiltonian H˜. The average
is performed over 104 independent samples for various dis-
order strengths h. (b) Distribution of e3 at fixed disorder
strength h = 2 for different system sizes L. (c) Distribution
of the normalized energy  (0 and 1 correspond respectively to
the ground and most excited state) at fixed disorder strength
h = 5 of the input state |Ψ0〉 in the new Hamiltonian spec-
trum H˜3 for different system sizes L.
finite system sizes numerically available, make it possible
to consider the input state as a very good approximation
of an actual eigenstate of H˜3 to extend our study. We
further note that contrary to recently proposed DMRG-
like methods for excited states [40, 49, 53–58] where the
energy variance increases with the system size L, our
method yields a power-law decaying σ[H˜, |Ψ0〉] with L.
The nature of |Ψ0〉 is given by its position in the
spectrum of H˜3, held in the normalized energy . Its
distribution is plotted in Fig. 1 (c) for h = 5 and various
system sizes, with a maximum density at high energy,
 ≈ 0.5. Essentially, this tells us that the input GS |Ψ0〉
is also an excited eigenstate of some other Hamiltonian,
H˜3 and more generally that a localized GS is similar
to an excited state. One might also wonder what hap-
pens regarding the other eigenvalues of the covariance
matrix, ej with j > 3. In other words, are there more
Hamiltonians, besides ±H0 and now H˜3, for which the
MBL state |Ψ0〉 would also be an eigenstate ? The same
analysis has been performed for the other eigenpairs
of the covariance matrix, with similar conclusions [52].
Precisely we find that there actually exists a whole set
of Hamiltonians {H˜j} in the thermodynamic limit for
which the input localized GS |Ψ0〉 is an MBL excited
eigenstate, classifying the MBL phenomena as a large
family of ground states.
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FIG. 2. (Color online) Typical disordered sample of length
L = 96 with h = 5 and an energy variance e3 ' 1.348× 10−7.
(a) Local distribution in real space of the initial disorder con-
figuration hj ∈ [−5, 5], the new disorder configuration h˜j , and
the difference between the two. (b) Bipartite von Neumann
entanglement entropy SE(j, j + 1) between subsystems [1, j]
and [j + 1, L]. The deepest minima of entanglement entropy
are circled and correspond to the position of the five steps in
the new disorder configuration that delimits Np = 6 plateaus.
Inspection of the new disordered Hamiltonian. Fo-
cusing on the parent Hamiltonian labeled H˜3, it is
instructive to look at its disorder configuration com-
pared to the initial one from which |Ψ0〉 has been
computed, as shown for a typical disordered sample
in Fig 2 (a). In particular, computing their difference
brings out the strong correlation that exists between
the two. The new disorder configuration displays sharp
step-like features where locally on each plateau p, the
disorder has the same form as the original one. From H0
to H˜3, the local random fields undergo a transformation
of the form
∑L
j=1 hj −→
∑Np
p
∑
j∈p(hp + hj), where hp
is roughly constant for a plateau p of length `p (there
are Np of them). The average number of such plateaus
scales as Np ∝ Lω with ω ≈ 0.7 [52], and the average
length `p ∝ L1−ω.
All along a given plateau p, the disorder configuration
{h˜j} is similar to the original one {hj} except from a
global constant shift hp. Because the magnetization S
z is
only globally conserved and can fluctuate among different
plateaus, such random shifts hp allow the state |Ψ0〉 to
have a much higher energy. But how can |Ψ0〉 can still
be an eigenstate of H˜3 ? To answer this, it is crucial
to observe the entanglement profile along the chain, as
shown in Fig. 2 (b) for the same sample as Fig. 2 (a).
Indeed, one can make a direct correspondence between
the positions of the steps and the minima of the bipartite
von Neumann entanglement entropy, defined as SE(j|j+
1) = −∑i λi lnλi, where λi are the eigenvalues of the
reduced density matrix of the subsystem comprised in
[1, j] with respect to the other part. Note that such an
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MBL<latexit sha1_base64="5RXW2tiOApmOK7k6gLl+8VqjkKc=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZJudFnqpguFivYBtUgyndahaRImE6UUwR9wq58m/oH+hXfGFNQiOiHJmXPvOTP3Xj8ORKIc5zVnLSwuLa/kVwtr6xub W8XtnVYSpZLxJouCSHZ8L+GBCHlTCRXwTiy5N/YD3vZHJzrevuUyEVF4qSYx7429YSgGgnmKqIuz2ul1seSUHbPseeBmoIRsNaLiC67QRwSGFGNwhFCEA3hI6OnChYOYuB6mxElCwsQ57lEgbUpZnDI8Ykf0HdKum7Eh7bVnYtSMTgnolaS0cUCaiPIkYX2abeKpcdbsb95T46nvNqG/n3mNiVW4IfYv3Szzvzpdi8IAx6YGQTXFhtHVscwlNV3RN7e/VKXIISZO4z7FJWFmlLM+20aTmNp1bz0TfzOZmtV7luWmeNe3pAG7P8c5D1qVsuuU3fNKqVrLRp3HHvZxSPM8QhV1NN Ak7yEe8YRnq26FVmrdfaZauUyzi2/LevgAogmP8g==</latexit><latexit sha1_base64="5RXW2tiOApmOK7k6gLl+8VqjkKc=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZJudFnqpguFivYBtUgyndahaRImE6UUwR9wq58m/oH+hXfGFNQiOiHJmXPvOTP3Xj8ORKIc5zVnLSwuLa/kVwtr6xub W8XtnVYSpZLxJouCSHZ8L+GBCHlTCRXwTiy5N/YD3vZHJzrevuUyEVF4qSYx7429YSgGgnmKqIuz2ul1seSUHbPseeBmoIRsNaLiC67QRwSGFGNwhFCEA3hI6OnChYOYuB6mxElCwsQ57lEgbUpZnDI8Ykf0HdKum7Eh7bVnYtSMTgnolaS0cUCaiPIkYX2abeKpcdbsb95T46nvNqG/n3mNiVW4IfYv3Szzvzpdi8IAx6YGQTXFhtHVscwlNV3RN7e/VKXIISZO4z7FJWFmlLM+20aTmNp1bz0TfzOZmtV7luWmeNe3pAG7P8c5D1qVsuuU3fNKqVrLRp3HHvZxSPM8QhV1NN Ak7yEe8YRnq26FVmrdfaZauUyzi2/LevgAogmP8g==</latexit><latexit sha1_base64="5RXW2tiOApmOK7k6gLl+8VqjkKc=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZJudFnqpguFivYBtUgyndahaRImE6UUwR9wq58m/oH+hXfGFNQiOiHJmXPvOTP3Xj8ORKIc5zVnLSwuLa/kVwtr6xub W8XtnVYSpZLxJouCSHZ8L+GBCHlTCRXwTiy5N/YD3vZHJzrevuUyEVF4qSYx7429YSgGgnmKqIuz2ul1seSUHbPseeBmoIRsNaLiC67QRwSGFGNwhFCEA3hI6OnChYOYuB6mxElCwsQ57lEgbUpZnDI8Ykf0HdKum7Eh7bVnYtSMTgnolaS0cUCaiPIkYX2abeKpcdbsb95T46nvNqG/n3mNiVW4IfYv3Szzvzpdi8IAx6YGQTXFhtHVscwlNV3RN7e/VKXIISZO4z7FJWFmlLM+20aTmNp1bz0TfzOZmtV7luWmeNe3pAG7P8c5D1qVsuuU3fNKqVrLRp3HHvZxSPM8QhV1NN Ak7yEe8YRnq26FVmrdfaZauUyzi2/LevgAogmP8g==</latexit><latexit sha1_base64="5RXW2tiOApmOK7k6gLl+8VqjkKc=">AAACxnicjVHLSsNAFD2Nr1pfVZdugkVwVZJudFnqpguFivYBtUgyndahaRImE6UUwR9wq58m/oH+hXfGFNQiOiHJmXPvOTP3Xj8ORKIc5zVnLSwuLa/kVwtr6xub W8XtnVYSpZLxJouCSHZ8L+GBCHlTCRXwTiy5N/YD3vZHJzrevuUyEVF4qSYx7429YSgGgnmKqIuz2ul1seSUHbPseeBmoIRsNaLiC67QRwSGFGNwhFCEA3hI6OnChYOYuB6mxElCwsQ57lEgbUpZnDI8Ykf0HdKum7Eh7bVnYtSMTgnolaS0cUCaiPIkYX2abeKpcdbsb95T46nvNqG/n3mNiVW4IfYv3Szzvzpdi8IAx6YGQTXFhtHVscwlNV3RN7e/VKXIISZO4z7FJWFmlLM+20aTmNp1bz0TfzOZmtV7luWmeNe3pAG7P8c5D1qVsuuU3fNKqVrLRp3HHvZxSPM8QhV1NN Ak7yEe8YRnq26FVmrdfaZauUyzi2/LevgAogmP8g==</latexit>
Initial<latexit sha1_base64="DsuvnEh88RmWMMu2uJ5d02kjPPw=">AAACynicjVHLSsNAFD2Nr1pfVZdugkVwVZJudFl0o+Cign1ALZKk0zp0moTJRCjFnT/g Vj9M/AP9C++MU1CL6IQkZ849587ce8NU8Ex53mvBWVhcWl4prpbW1jc2t8rbO60syWXEmlEiEtkJg4wJHrOm4kqwTipZMA4Fa4ejUx1v3zGZ8SS+UpOU9cbBMOYDHgWKqPZ5zBUPxE254lU9s9x54FtQgV2NpPyCa/SRIEKOMRhiKMICATJ6uvDhISWuhylxkhA3cYZ7lMibk4qRIiB2RN8h7bqWjWmvc2bGHdEpgl5JThcH 5ElIJwnr01wTz01mzf6We2py6rtN6B/aXGNiFW6J/cs3U/7Xp2tRGODY1MCpptQwurrIZslNV/TN3S9VKcqQEqdxn+KScGScsz67xpOZ2nVvAxN/M0rN6n1ktTne9S1pwP7Pcc6DVq3qe1X/slapn9hRF7GHfRzSPI9QxxkaaJoqH/GEZ+fCkc7EmX5KnYL17OLbch4+ANhDkgk=</latexit><latexit sha1_base64="DsuvnEh88RmWMMu2uJ5d02kjPPw=">AAACynicjVHLSsNAFD2Nr1pfVZdugkVwVZJudFl0o+Cign1ALZKk0zp0moTJRCjFnT/g Vj9M/AP9C++MU1CL6IQkZ849587ce8NU8Ex53mvBWVhcWl4prpbW1jc2t8rbO60syWXEmlEiEtkJg4wJHrOm4kqwTipZMA4Fa4ejUx1v3zGZ8SS+UpOU9cbBMOYDHgWKqPZ5zBUPxE254lU9s9x54FtQgV2NpPyCa/SRIEKOMRhiKMICATJ6uvDhISWuhylxkhA3cYZ7lMibk4qRIiB2RN8h7bqWjWmvc2bGHdEpgl5JThcH 5ElIJwnr01wTz01mzf6We2py6rtN6B/aXGNiFW6J/cs3U/7Xp2tRGODY1MCpptQwurrIZslNV/TN3S9VKcqQEqdxn+KScGScsz67xpOZ2nVvAxN/M0rN6n1ktTne9S1pwP7Pcc6DVq3qe1X/slapn9hRF7GHfRzSPI9QxxkaaJoqH/GEZ+fCkc7EmX5KnYL17OLbch4+ANhDkgk=</latexit><latexit sha1_base64="DsuvnEh88RmWMMu2uJ5d02kjPPw=">AAACynicjVHLSsNAFD2Nr1pfVZdugkVwVZJudFl0o+Cign1ALZKk0zp0moTJRCjFnT/g Vj9M/AP9C++MU1CL6IQkZ849587ce8NU8Ex53mvBWVhcWl4prpbW1jc2t8rbO60syWXEmlEiEtkJg4wJHrOm4kqwTipZMA4Fa4ejUx1v3zGZ8SS+UpOU9cbBMOYDHgWKqPZ5zBUPxE254lU9s9x54FtQgV2NpPyCa/SRIEKOMRhiKMICATJ6uvDhISWuhylxkhA3cYZ7lMibk4qRIiB2RN8h7bqWjWmvc2bGHdEpgl5JThcH 5ElIJwnr01wTz01mzf6We2py6rtN6B/aXGNiFW6J/cs3U/7Xp2tRGODY1MCpptQwurrIZslNV/TN3S9VKcqQEqdxn+KScGScsz67xpOZ2nVvAxN/M0rN6n1ktTne9S1pwP7Pcc6DVq3qe1X/slapn9hRF7GHfRzSPI9QxxkaaJoqH/GEZ+fCkc7EmX5KnYL17OLbch4+ANhDkgk=</latexit><latexit sha1_base64="DsuvnEh88RmWMMu2uJ5d02kjPPw=">AAACynicjVHLSsNAFD2Nr1pfVZdugkVwVZJudFl0o+Cign1ALZKk0zp0moTJRCjFnT/g Vj9M/AP9C++MU1CL6IQkZ849587ce8NU8Ex53mvBWVhcWl4prpbW1jc2t8rbO60syWXEmlEiEtkJg4wJHrOm4kqwTipZMA4Fa4ejUx1v3zGZ8SS+UpOU9cbBMOYDHgWKqPZ5zBUPxE254lU9s9x54FtQgV2NpPyCa/SRIEKOMRhiKMICATJ6uvDhISWuhylxkhA3cYZ7lMibk4qRIiB2RN8h7bqWjWmvc2bGHdEpgl5JThcH 5ElIJwnr01wTz01mzf6We2py6rtN6B/aXGNiFW6J/cs3U/7Xp2tRGODY1MCpptQwurrIZslNV/TN3S9VKcqQEqdxn+KScGScsz67xpOZ2nVvAxN/M0rN6n1ktTne9S1pwP7Pcc6DVq3qe1X/slapn9hRF7GHfRzSPI9QxxkaaJoqH/GEZ+fCkc7EmX5KnYL17OLbch4+ANhDkgk=</latexit>
uniform disorder<latexit sha1_base64="5KM+1yPbVOhIgw7In6w+TqZK09k=">AAAC1XicjVHLSsNAFD2Nr1pfUZdugkVwVRI3uiy6cVnBPqCWkqSjDk0yYTIplNKduPUH 3OoviX+gf+GdMQW1iE5Icu6595yZOzdII54p130tWQuLS8sr5dXK2vrG5pa9vdPKRC5D1gxFJGQn8DMW8YQ1FVcR66SS+XEQsXYwPNP59ojJjIvkUo1T1ov9m4Rf89BXRPVtO6dIyNgZ8EzIAZN9u+rWXLOceeAVoIpiNYT9gisMIBAiRwyGBIpwBB8ZPV14cJES18OEOEmImzzDFBXS5lTFqMIndkjfG4q6BZtQrD0zow5p l4heSUoHB6QRVCcJ690ck8+Ns2Z/854YT322Mf2DwismVuGW2L90s8r/6nQvCtc4MT1w6ik1jO4uLFxycyv65M6XrhQ5pMRpPKC8JBwa5eyeHaPJTO/6bn2TfzOVmtVxWNTmeNenpAF7P8c5D1pHNc+teRdH1fppMeoy9rCPQ5rnMeo4RwNN8h7hEU94ttrW1Lqz7j9LrVKh2cW3ZT18AK8/lkY=</latexit><latexit sha1_base64="5KM+1yPbVOhIgw7In6w+TqZK09k=">AAAC1XicjVHLSsNAFD2Nr1pfUZdugkVwVRI3uiy6cVnBPqCWkqSjDk0yYTIplNKduPUH 3OoviX+gf+GdMQW1iE5Icu6595yZOzdII54p130tWQuLS8sr5dXK2vrG5pa9vdPKRC5D1gxFJGQn8DMW8YQ1FVcR66SS+XEQsXYwPNP59ojJjIvkUo1T1ov9m4Rf89BXRPVtO6dIyNgZ8EzIAZN9u+rWXLOceeAVoIpiNYT9gisMIBAiRwyGBIpwBB8ZPV14cJES18OEOEmImzzDFBXS5lTFqMIndkjfG4q6BZtQrD0zow5p l4heSUoHB6QRVCcJ690ck8+Ns2Z/854YT322Mf2DwismVuGW2L90s8r/6nQvCtc4MT1w6ik1jO4uLFxycyv65M6XrhQ5pMRpPKC8JBwa5eyeHaPJTO/6bn2TfzOVmtVxWNTmeNenpAF7P8c5D1pHNc+teRdH1fppMeoy9rCPQ5rnMeo4RwNN8h7hEU94ttrW1Lqz7j9LrVKh2cW3ZT18AK8/lkY=</latexit><latexit sha1_base64="5KM+1yPbVOhIgw7In6w+TqZK09k=">AAAC1XicjVHLSsNAFD2Nr1pfUZdugkVwVRI3uiy6cVnBPqCWkqSjDk0yYTIplNKduPUH 3OoviX+gf+GdMQW1iE5Icu6595yZOzdII54p130tWQuLS8sr5dXK2vrG5pa9vdPKRC5D1gxFJGQn8DMW8YQ1FVcR66SS+XEQsXYwPNP59ojJjIvkUo1T1ov9m4Rf89BXRPVtO6dIyNgZ8EzIAZN9u+rWXLOceeAVoIpiNYT9gisMIBAiRwyGBIpwBB8ZPV14cJES18OEOEmImzzDFBXS5lTFqMIndkjfG4q6BZtQrD0zow5p l4heSUoHB6QRVCcJ690ck8+Ns2Z/854YT322Mf2DwismVuGW2L90s8r/6nQvCtc4MT1w6ik1jO4uLFxycyv65M6XrhQ5pMRpPKC8JBwa5eyeHaPJTO/6bn2TfzOVmtVxWNTmeNenpAF7P8c5D1pHNc+teRdH1fppMeoy9rCPQ5rnMeo4RwNN8h7hEU94ttrW1Lqz7j9LrVKh2cW3ZT18AK8/lkY=</latexit><latexit sha1_base64="5KM+1yPbVOhIgw7In6w+TqZK09k=">AAAC1XicjVHLSsNAFD2Nr1pfUZdugkVwVRI3uiy6cVnBPqCWkqSjDk0yYTIplNKduPUH 3OoviX+gf+GdMQW1iE5Icu6595yZOzdII54p130tWQuLS8sr5dXK2vrG5pa9vdPKRC5D1gxFJGQn8DMW8YQ1FVcR66SS+XEQsXYwPNP59ojJjIvkUo1T1ov9m4Rf89BXRPVtO6dIyNgZ8EzIAZN9u+rWXLOceeAVoIpiNYT9gisMIBAiRwyGBIpwBB8ZPV14cJES18OEOEmImzzDFBXS5lTFqMIndkjfG4q6BZtQrD0zow5p l4heSUoHB6QRVCcJ690ck8+Ns2Z/854YT322Mf2DwismVuGW2L90s8r/6nQvCtc4MT1w6ik1jO4uLFxycyv65M6XrhQ5pMRpPKC8JBwa5eyeHaPJTO/6bn2TfzOVmtVxWNTmeNenpAF7P8c5D1pHNc+teRdH1fppMeoy9rCPQ5rnMeo4RwNN8h7hEU94ttrW1Lqz7j9LrVKh2cW3ZT18AK8/lkY=</latexit>
Mobility edge
<latexit sha1_base64="5jq5y8UXRUZ3F1Iu+0wseLH6gKM=">AAAC0HicjVHLSsNAFD2Nr1pfVZdugkVwVZJudFl040aoYh9QiyTptA5NM3EyEUsR cesPuNWvEv9A/8I7YwpqEZ2Q5My595yZe68fhzxRjvOas2Zm5+YX8ouFpeWV1bXi+kYjEakMWD0QoZAt30tYyCNWV1yFrBVL5g39kDX9waGON6+ZTLiIztQoZp2h1494jweeIqpzLHwecjWyWbfPLoolp+yYZU8DNwMlZKsmii84RxcCAVIMwRBBEQ7hIaGnDRcOYuI6GBMnCXETZ7hFgbQpZTHK8Igd0LdPu3b GRrTXnolRB3RKSK8kpY0d0gjKk4T1abaJp8ZZs795j42nvtuI/n7mNSRW4ZLYv3STzP/qdC0KPeybGjjVFBtGVxdkLqnpir65/aUqRQ4xcRp3KS4JB0Y56bNtNImpXffWM/E3k6lZvQ+y3BTv+pY0YPfnOKdBo1J2nbJ7UilVD7JR57GFbezSPPdQxRFqqJP3FR7xhGfr1Lqx7qz7z1Qrl2k28W1ZDx8NG5R5</ latexit><latexit sha1_base64="5jq5y8UXRUZ3F1Iu+0wseLH6gKM=">AAAC0HicjVHLSsNAFD2Nr1pfVZdugkVwVZJudFl040aoYh9QiyTptA5NM3EyEUsR cesPuNWvEv9A/8I7YwpqEZ2Q5My595yZe68fhzxRjvOas2Zm5+YX8ouFpeWV1bXi+kYjEakMWD0QoZAt30tYyCNWV1yFrBVL5g39kDX9waGON6+ZTLiIztQoZp2h1494jweeIqpzLHwecjWyWbfPLoolp+yYZU8DNwMlZKsmii84RxcCAVIMwRBBEQ7hIaGnDRcOYuI6GBMnCXETZ7hFgbQpZTHK8Igd0LdPu3b GRrTXnolRB3RKSK8kpY0d0gjKk4T1abaJp8ZZs795j42nvtuI/n7mNSRW4ZLYv3STzP/qdC0KPeybGjjVFBtGVxdkLqnpir65/aUqRQ4xcRp3KS4JB0Y56bNtNImpXffWM/E3k6lZvQ+y3BTv+pY0YPfnOKdBo1J2nbJ7UilVD7JR57GFbezSPPdQxRFqqJP3FR7xhGfr1Lqx7qz7z1Qrl2k28W1ZDx8NG5R5</ latexit><latexit sha1_base64="5jq5y8UXRUZ3F1Iu+0wseLH6gKM=">AAAC0HicjVHLSsNAFD2Nr1pfVZdugkVwVZJudFl040aoYh9QiyTptA5NM3EyEUsR cesPuNWvEv9A/8I7YwpqEZ2Q5My595yZe68fhzxRjvOas2Zm5+YX8ouFpeWV1bXi+kYjEakMWD0QoZAt30tYyCNWV1yFrBVL5g39kDX9waGON6+ZTLiIztQoZp2h1494jweeIqpzLHwecjWyWbfPLoolp+yYZU8DNwMlZKsmii84RxcCAVIMwRBBEQ7hIaGnDRcOYuI6GBMnCXETZ7hFgbQpZTHK8Igd0LdPu3b GRrTXnolRB3RKSK8kpY0d0gjKk4T1abaJp8ZZs795j42nvtuI/n7mNSRW4ZLYv3STzP/qdC0KPeybGjjVFBtGVxdkLqnpir65/aUqRQ4xcRp3KS4JB0Y56bNtNImpXffWM/E3k6lZvQ+y3BTv+pY0YPfnOKdBo1J2nbJ7UilVD7JR57GFbezSPPdQxRFqqJP3FR7xhGfr1Lqx7qz7z1Qrl2k28W1ZDx8NG5R5</ latexit><latexit sha1_base64="5jq5y8UXRUZ3F1Iu+0wseLH6gKM=">AAAC0HicjVHLSsNAFD2Nr1pfVZdugkVwVZJudFl040aoYh9QiyTptA5NM3EyEUsR cesPuNWvEv9A/8I7YwpqEZ2Q5My595yZe68fhzxRjvOas2Zm5+YX8ouFpeWV1bXi+kYjEakMWD0QoZAt30tYyCNWV1yFrBVL5g39kDX9waGON6+ZTLiIztQoZp2h1494jweeIqpzLHwecjWyWbfPLoolp+yYZU8DNwMlZKsmii84RxcCAVIMwRBBEQ7hIaGnDRcOYuI6GBMnCXETZ7hFgbQpZTHK8Igd0LdPu3b GRrTXnolRB3RKSK8kpY0d0gjKk4T1abaJp8ZZs795j42nvtuI/n7mNSRW4ZLYv3STzP/qdC0KPeybGjjVFBtGVxdkLqnpir65/aUqRQ4xcRp3KS4JB0Y56bNtNImpXffWM/E3k6lZvQ+y3BTv+pY0YPfnOKdBo1J2nbJ7UilVD7JR57GFbezSPPdQxRFqqJP3FR7xhGfr1Lqx7qz7z1Qrl2k28W1ZDx8NG5R5</ latexit>
FIG. 3. (Color online) Diagram of “normalized energy density
 — effective disorder strength δtyp” (see text) for the input
state |Ψ0〉 with respect to H˜3 for L = 128. The local dif-
ferences δi are considered independently over 10
4 disordered
samples to compute δtyp(). The typical value of the initial
uniform distribution {hi} is displayed by a star symbol on
the  = 0 line and is always smaller than for the new disorder
{h˜i} configuration. The mobility edge in gray between the
MBL and ETH regimes is taken from Ref. 39 by translating
the original disorder strength definition of the x-axis to our
own, i.e., δtyp.
entanglement minima feature has also been observed in
the case of excited states [59].
With a very small bipartite entanglement entropy be-
tween two parts of the system corresponding to almost
disconnected subsystems, it is natural that the deep po-
tential barriers of {h˜j} will occur precisely at such min-
ima. Within each plateau, the new random fields display
strong fingerprints of the initial ones since the physical
properties of |Ψ0〉 are indubitably dependent of the un-
derlying parent Hamiltonian(s). Nevertheless, the mod-
ulation of the fields by a piecewise additive constant is
what brings |Ψ0〉 from a GS to a highly excited state.
In order to quantify the strength of this new disorder,
we introduce the local differences δi = |h˜i − h˜i+1| which
capture both the original randomness hi and the size
of the successive jumps between plateaus. The typical
value δtyp = exp(ln δi) is shown in Fig. 3 for different
values of the original disorder h = 3, 4, 5, and 10 in
an energy-resolved diagram. There, we clearly see that
the new disorder is stronger than the initial one, and
we also observe an interesting dependence on  which
qualitatively follows the mobility edge of the original
model [39].
Similarity between localized GS and MBL. To complete
our study, we now argue that given any set of physical
measurements done on a localized eigenstate, ground and
excited states appear to be barely indistinguishable. In
particular, we show that local magnetization, bipartite
von Neumann entanglement entropy and the entangle-
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FIG. 4. (Color online) Distributions and averages in this figure are computed over GS of Eq. (1) for 104 disordered samples. (a)
Histogram of the local magnetizations 〈Szj 〉 for different disorder strengths h and L = 128. (b) Average bipartite von Neumann
entanglement entropy SE as a function of system size L for different disorder strengths h. The entanglement entropy for a
cut in the middle of the system is shown (dotted line) as well as the maximal entanglement entropy in the system with regard
to all possible bipartitions (plain line). Note the semi-log scale. The legend is displayed in the first panel. (c) Histogram of
bipartite von Neumann entanglement entropy SE(j|j + 1) for different disorder strengths h and L = 128. The distribution
contains independently all the possible bipartitions (j|j+ 1) of a sample with j ∈ [1, L− 1]. The legend is displayed in the first
panel. (d) Average of the logarithm of the entanglement spectrum values {λi} (sorted in descending order) for a bipartition in
the middle of the system as a function of their indices i. A disorder strength h = 2 is considered for various system sizes.
ment spectrum properties of MBL eigenstates are similar
for ground and excited states.
In the GS |Ψ0〉 of Eq. (1), while quantum fluctuations
prevent an exact alignment of the magnetic moments
with the random field, the spins will nevertheless locally
follow the field pattern in order to minimize the energy
of the system. This results in strongly polarized spins,
with typically |〈Szj 〉|−0.5 1, as visible in the histogram
of local magnetizations in Fig. 4 (a). This distribution is
similar in many ways to MBL excited states with a dou-
ble peak structure [40, 55], and a density P [〈Sz〉 = 0]
decreasing with h. At high energy, it is a fingerprint of
ergodicity breaking, where the single-site distribution is
totally different from a thermal distribution, unlike the
ETH phase at a smaller disorder strength.
Another characteristic property of MBL excited states
is their area law for the entanglement entropy [37–41],
best known to be the hallmark of the GS of any generic
short-range Hamiltonian [42–44]. In Fig. 4 (b), we show
as dotted lines the average value of the bipartite von Neu-
mann entropy SE (with a cut in the middle of the system)
which clearly saturates to an area law. Perhaps more in-
terestingly, one can also study the “optimal cut” entan-
glement entropy targeting the maximal entropy over all
possible bipartitions in a given sample. Its mean value
is plotted with plain lines in Fig. 4 (b) where a logarith-
mic growth ∝ lnL is observed, in agreement with Ref. 37
for the MBL regime, contrasting with the strict area law
obtained for the middle chain cut. Such a peculiar loga-
rithmic violation of a strict area law can be understood
from the histogram plotted in Fig. 4 (c) where three main
regions are visible, again in quantitative agreement with
MBL [37, 59]: (i) a maximum at very small values signal-
ing that most of the cuts display tiny entanglement ; (ii)
a secondary maximum at SE = ln 2 which comes from
a local singlet formation where the random fields are lo-
cally small, such a peak being slowly suppressed when h
increases ; and (iii) an exponential tail at a larger value of
SE which traces back (exponentially) rare events where
disorder is locally weaker over a finite length, yielding an
entanglement much larger than the average. These rare
regions, whose density ∝ exp(−aSE), leads to an optimal
cut entanglement ∝ lnL, as already understood for the
MBL regime in Ref. 37.
One sees that the entanglement properties of a
localized GS |Ψ0〉 are quantitatively very comparable to
MBL physics. Furthermore, one can also study the en-
tanglement spectrum, corresponding to the eigenvalues
{λi} of the reduced density matrix. Already studied in
the context of MBL [60–65], a power-law distribution of
the form lnλi ∝ i−γ(h) was found [62], contrasting with
flatness in the ETH case [60] and exponential decay for
gapped GS [66]. Here, we strikingly observe a power-law
behavior [52] for the entanglement levels, as plotted
in Fig. 4 (d), showing again similar behavior between
localized GS and MBL physics.
Discussions and conclusions. Using large-scale nu-
merical simulations, we have found that in the presence
of disorder a single eigenstate does not uniquely en-
codes its underlying Hamiltonian, since a localized
many-body GS is a very good approximation of an
eigenstate of another Hamiltonian that only differs
by its local disorder configuration from the original
one. Precisely, with respect to the new Hamiltonian,
it corresponds to a highly excited state, even though
all its properties are by definition those of a GS. This
connects localized GS to MBL physics of highly excited
states. In this sense, we have complemented our study
showing that given any set of physical measurements
5performed on a localized eigenstate, ground and excited
states appear scarcely indiscernible. We believe that
this “eigenstate-to-Hamiltonian construction” method
provides an interesting alternative to other variational
approaches based on building matrix-product states for
excited states.
An interesting continuation of this work would be
to extend it to higher dimensions, although more
numerically challenging. In particular, we believe that
it would allow one to tackle the MBL phenomena in
two dimensions where only a few theoretical studies
are available [67–71], despite a recent experimental
observation [72].
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7Supplemental material to “Many-body localization as
a large family of localized ground states”
(i) Smallest eigenvalues of the covariance matrix
The third eigenvalue decays rapidly with system size
e3 ∝ L−α3(h). In Table I below we give the estimates
for α3(h). Interestingly, not only the third eigenvalue e3
decays, but most of them will eventually vanish at the
thermodynamic limit. This is illustrated in Fig. 5, and
in Table II
h 1 2 3 4 5 10
α3 2.15(3) 2.16(4) 2.28(7) 2.36(9) 2.3(1) 2.6(1)
TABLE I. Decay exponent α3 of the third eigenvalue e3 ∝
L−α3(h) of the covariance matrix as a function of disorder h.
i 3 4 5 6 7 8
αi 2.3(1) 2.9(1) 2.97(8) 3.12(9) 3.2(1) 3.4(2)
TABLE II. αi of the i
th eigenvalue ei ∝ L−αi(h) for h = 5.
h = 5.0
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FIG. 5. (Color online) Scaling with the inverse system size
1/L of the smallest eigenvalues ej of the covariance matrix.
They are sorted in ascending order and correspond to the en-
ergy variance of the input state |Ψ0〉 with respect to a new
Hamiltonian H˜j . The eigenvalues corresponding to j = 1,
2 have been omitted since they are associated to the ini-
tial Hamiltonian ±H0 from which |Ψ0〉 is by definition an
eigenstate. The disorder strength of the initial Hamiltonian
is h = 5.0. The average is performed over 104 independent
samples for j = 3 and 103 independent samples for j ≥ 4.
(ii) Properties of the new disorder configuration
The new disorder configuration {h˜j} of the parent Hamil-
tonian H˜3 resembles the original one {hj} plus an addi-
tional stair-like structure made of plateaus. In Fig. 6 we
show (a) how the average number of plateaus Np scales
with the length L, and (b) the average plateau length
`p. They both scale with an exponent ω < 1 such that
Np ∝ LωNp and `p ∝ L1−ω`p . Results are shown in Fig. 6
and the estimates for ω are displayed in Table III where
one sees that they agree within error bars to the value
ω ≈ 0.7, with no clear h dependence.
h 3 4 5 10
ωNp 0.732(5) 0.700(8) 0.86(5) 0.67(5)
ω`p 0.70(2) 0.69(1) 0.73(3) 0.62(3)
TABLE III. Exponents ω governing the plateaus structure of
the new disorder configuration {h˜j}.
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FIG. 6. (Color online) Average (a) plateaus number Np and
(b) length `p in the new disorder configuration {h˜j} as func-
tion of the system size L for various disorder strengths h. The
average is performed over 104 independent samples. We de-
fine two different plateaus by a step of height ≥ 1 in between.
8(iii) Power-law scaling of the entanglement spec-
trum
The entanglement spectrum is shown in Fig. 7 for L = 32
and various values of disorder strengths. The power-law
decay λi ∝ 1/iγ(h) is clearly visible, with an exponent γ
which varies with h. The behavior γ(h) is shown in the
inset of Fig. 7 where one sees that it can take quite large
values deep in the localized regime.
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FIG. 7. (Color online) Average of the logarithm of the entan-
glement spectrum values {λi} (sorted in descending order)
for a bipartition in the middle of the system as a function of
their indices i. A system size L = 32 is considered for various
disorder strengths h. A power-law dependence of the form
lnλi ∝ i−γ(h) is observed and a fit is performed over the plain
line region. The exponent γ(h) versus the disorder strength
is reported in the inset.
